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Abstract
We have developed a phenomenological effective quantum-field theoretical model describing the
“hadron gas” of the lightest pseudoscalar mesons, scalar σ-meson and σ-vacuum, i.e. the expecta-
tion value of the σ-field, at finite temperatures. The corresponding thermodynamic approach was
formulated in terms of the generating functional derived from the effective Lagrangian providing
the basic thermodynamic information about the “meson plasma + QCD condensate” system. This
formalism enables us to study the QCD transition from the hadron phase with direct implications
for cosmological evolution. Using the hypothesis about a positively-definite QCD vacuum contri-
bution stochastically produced in early universe, we show that the universe could undergo a series
of oscillations during the QCD epoch before resuming unbounded expansion.
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I. INTRODUCTION
The Linear Sigma Model (LσM) [1] is well-known as a useful and simple approach to
study QCD thermodynamics in the strongly-coupled regime and, in particular, the chiral
symmetry restoration, see e.g. Refs. [2–6]. Already in simplest realisations based on the LσM
a strong phase transition between different phases of the strongly-interacting matter has been
found to occur [2]. Notably, it was shown that incorporation of fermions to the model by
means of the bosonization approximation changes the phase transition to crossover [2, 3]
and brings the model to a conformity with the predictions obtained by lattice simulations
[7]. The effective LσM-based approaches thus prove to be suitable for description of the
interacting meson plasma and can be applied for studies of the cosmological QCD phase
transition.
The current work extends the previous study of Ref. [8] where the method of generating
functional was applied in analysis of the electroweak phase transition in the framework
of classical and effective non-classical Higgs models. We start with a new form of the
effective LσM-type Lagrangian describing the spectrum of lightest pseudoscalar mesons such
as π±, π0, K±, K0, K¯0, η, η′ as well as the scalar σ-meson (with scalar f0(500) state
as the closest candidate [9]). In this model, the quartic self-interactions are accounted
for the σ-meson only while the quartic terms for pseudoscalar mesons are omitted. This
approximation corresponds to the “hadron gas” of pseudoscalar mesons interacting with the
non-linear σ-field. Below we show that such a simplified version of the LσM is sufficient to
reproduce relevant thermodynamic properties of the system such as σ-condensate “melting”
and effective meson mass dynamics previously found in various LσM-based theories, see
e.g. Refs. [2, 3, 10], or in other theoretical approaches, for example, in the Nambu–Jona-
Lasinio (NJL) and Polyakov-loop extended NJL (PNJL) models [11, 12].
The gas of pseudoscalar mesons, however, exhibits a few important features that have
not been previously discussed. One of them concerns the specific properties of the meson
spectrum after chiral symmetry restoration when mesons supposedly can be considered as
metastable states with a particular width [13, 14]. Below we show that the pseudoscalar
meson masses remain finite and approximately constant (or slowly increase) above the critical
temperature Tc leaving a possibility for σ → π+π− and σ → π0π0 decays.
Usually, thermodynamic information cannot be fully extracted from a particular
quantum-field theoretical model as for that purpose one has to compute an infinite series of
diagrams emerging from the partition function constructed in the form of Euclidean path
integral [15]. At this stage, one could use either perturbative expansions or non-perturbative
methods. One of non-perturbative approaches called the Carter’s method [2] corresponds to
resummation of daisy and superdaisy diagrams [2, 8, 16] and is equivalent to the Φ Deriv-
able Approximation. This method was widely used in different applications, in particular,
for gluon plasma thermodynamics [16], for real-time dynamics of the homogeneous conden-
sates in Yang-Mills theories [17], for a QCD transition analysis in the LσM [2, 3] and for
electroweak phase transition in the Higgs model [8].
The Carter’s method allows to go beyond the mean-field approximation and to take into
account contributions of the fluctuations and their back-reaction to the mean-field medium.
We apply the Carter’s method to our model in order to investigate certain thermodynamic
properties of the meson plasma such as the phase structure, effective meson masses, energy,
pressure, fluctuation amplitudes and speed of sound.
As it was shown in Refs. [2, 3], the microscopic evolution of the “meson gas + con-
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densate” system described by equations of motion can be reproduced by minimization of
the free-energy functional (generating functional) over all its parameters while the stability
analysis of the phases is governed by the non-equilibrium Landau functional which can be
directly constructed from the generating functional. The minima of the Landau functional
correspond to equilibrium states of the system. These two functionals are intensively used
in our analysis below.
Our approach and methodology are similar to those of Ref. [2]. However, we take into
account the zero-point fluctuations, as it was done in Ref. [3]. For simplicity, we do not
include fermions in this work as was previously done in Refs. [2, 3], and as an expected
result we get the first-order phase transition instead of crossover. In comparison to Ref. [3],
however, we consider additional mesonic degrees of freedom and compute various thermo-
dynamic quantities. These and other differences in the form of our effective Lagrangian lead
to a modification of thermodynamic properties of the considered meson plasma system that
requires a proper discussion.
The constructed model is characterised by a set of the parameters which can be fixed using
the experimentally measured characteristics of light meson spectrum in the vacuum and
known amplitude of the QCD condensate. However, as the properties of σ-meson are still not
unambiguosly fixed by measurements, we study the dependence of the results on the value of
σ-meson vacuum mass. We introduce η′-meson in a somewhat different way in comparison
to other pseudoscalars since its mass is modified by the gluon anomaly contribution. For
the chosen set of physical parameters we obtain too large value of the critical temperature
Tc ≃ 400MeV limiting the predicting power of the model to a qualitative level. We expect
that the value of critical temperature will decrease after inclusion of fermions (quarks and
baryons) as was noticed in Ref. [3], as well as other potentially relevant hadronic degrees
of freedom. Despite such quantitative limitations of our analysis, its qualitative predictions
can be important e.g. for cosmological implications of the considered “(pseudo)scalar meson
gas + condensate” system. Our simplified effective model enables us to study the basic
features of the cosmological QCD transition and to extract the most relevant characteristics
of the cosmological expansion at that epoch.
As is well-known, during the first second after the Big Bang the universe has experienced
a series of relativistic thermodynamic transitions followed by formation of new vacuum
subsystems and by breaking of the fundamental symmetries. One of the most well-studied
transitions has happened in the QCD sector at the moment t ∼ 10−5 s after the Big Bang
when the temperature of the universe was about T ∼ 200MeV and the Hubble radius was
dH ≈ 10 km. Up to now, the cosmological QCD phase transition was investigated in various
aspects such as the order of the transition, the scale-parameter evolution, the generation of
density fluctuations and a role of the background magnetic fields. For a thorough review on
these problems, we refer an interested reader to e.g. Refs. [18–22] and references therein.
While the QCD phase transition was thoroughly studied in cosmology for many years,
the problem of the negatively-definite QCD vacuum energy has received a little attention.
From the QCD instantons theory we know that the QCD transition is followed by formation
of the negative quark-gluon vacuum denisty [23, 24] which is of primary importance for
hadron physics. In particular, this condensate provides the mass generation mechanism of
light mesons as it may be seen from the Gell-Mann–Oakes–Renner relation [25–27]. The
fact which we would like to bring up for a discussion here is that in cosmology the vacuum
contributions with such a big negative energy density lead to a fundamental problem [28–31]
since the right hand side of the Friedmann equation has to be positive in the case of flat
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universe. This is one of the implications of the well-known vacuum catastrophe [32] which
points to a fundamental inconsistency of cosmological observations with typical values of the
vacuum energy density predicted in the framework of microscopic quantum field theory. It
can be directly shown that the presence of a negative QCD vacuum contribution immediately
leads to a very fast collapse of the universe, such that it never passes through the cosmological
horizon corresponding the QCD transition time scale. Below, such an effect will be shown
in the framework of the considered effective meson plasma model as well as in the Bag-
like model of the QCD crossover [33]. As the universe collapses, the temperature increases
up to the critical value Tc and then a “backward” transition to the quark-gluon plasma
occurs. The existence of such a second “backward” transition is yet another important
prediction stemming from the presence of the evolving (with temperature) QCD vacuum in
the cosmological medium.
Then, one can discuss possible consequences of such two-transition cosmological evolution
directly following from QCD thermodynamics. It is clear that fast collapse at the QCD
scale would not allow the modern large-scale universe to be formed. Therefore, another
compensating positively-definite vacuum contribution has to be formed during the QCD
transition epoch and to co-exist with the negatively-definite one. For example, in Refs. [29]
and [31] it has been shown that under certain assumptions about a particular form of the
non-perturbative Yang-Miils gauge coupling one finds a generic non-perturbative solution for
non-Abelian fields corresponding to a homogeneous vacuum (Λ-term) with positive energy
density. The latter could, in principle, compensate the usual quantum-topological gluon
condensate at the QCD energy scale. Under certain rather general assumptions about a
stochastic production mechanism of such a positively-definite vacuum contribution, we come
to the concept of oscillating universe when a series of (potentially many) oscillations of the
universe happen around the QCD transition epoch. We present a first qualitative picture of
the corresponding cosmological evolution.
The structure of the paper is as follows. In Sect. II, the generic properties of the QCD
vacuum and meson interactions are discussed and the effective LσM for the interacting meson
plasma and QCD condensate is formulated. In Sect. III, the thermodynamic approach to
the meson plasma based upon the generating functional is developed. Then, in Sect. IV, we
obtain and study numerically the basic thermodynamic observables. In Sect. V, the main
consequences of the presence of the QCD vacuum (evolving with temperature) in cosmology
are considered in the framework of the interacting meson plasma model as well as the Bag-
like model, and a particular scenario of the oscillating universe has been discussed. In
Sect. VI, concluding remarks are given.
II. EFFECTIVE THEORY OF THE MESON GAS
A. QCD condensate and scalar mesons in the vacuum
The order parameter in QCD, the quark-gluon condensate, acquires contributions from
the quark and gluon quantum fluctuations whose typical energy density at zero temperature
ǫtop(T = 0) ≡ ǫgluon + ǫquark ≃ −(5± 1)× 109 MeV4 , (2.1)
where the dominating gluon contribution spontaneously appears as a result of quantum
tunnelling processes between various topological states of the gluon field and corresponds to
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the trace anomaly in the gluonic energy-momentum tensor
ǫgluon ≡ 1
4
〈0|T µ,gluonµ |0〉 , T µ,gµ =
β(g¯2s)
2
GaµνG
µν
a , (2.2)
defined as an average over the quantum state vector |0〉 in terms of the QCD β-function
β = β(g¯2s) < 0, gluonic energy-momentum T
ν,gluon
µ and stress G
µν
a tensors (for SU(Nc) gauge
theory a = 1 . . . N2c − 1), and the QCD running coupling g¯2s = g¯2s(µ2). In Eq. (2.2), the
subleading quark contribution to the QCD ground state density reads
ǫquark =
1
4
〈0|muu¯u+mdd¯d+mss¯s|0〉 , (2.3)
〈0|s¯s|0〉 ≃ 〈0|u¯u|0〉 = 〈0|d¯d|0〉 = −lg〈0|αs
π
GaµνG
µν
a |0〉 = −(235± 15MeV)3 , (2.4)
and corresponds to the net effect of the light sea quark u, d, s quantum fluctuations induced
by the gluon fluctuations at typical length scale lg known as the gluon correlation length.
To one-loop order [23, 24], one writes
β(g¯2s) = −
bg¯2s
16π2
, g¯2s =
16π2
b ln(µ2/Λ2QCD)
, ǫgluon = − b
32
〈0|αs
π
GaµνG
µν
a |0〉 , (2.5)
where αs = g¯
2
s/4π, ΛQCD ≃ 0.28 GeV is the QCD scale parameter, and the one-loop coeffi-
cient of the β-function in QCD is b = 9. The characteristic momentum scales µ ∼ Λg inverse
to the gluon correlation length lg, i.e. Λg ∼ l−1g ≃ 1.2 GeV [23, 24], where the perturbative
QCD still provides a realistic estimate, determine the formation and dynamics of the gluon
condensate 〈G2〉 > 0 and, hence, the key properties of the hadronic medium.
The topological quark and gluon field fluctuations, their number densities and interactions
between them depend on the state of hadronic matter in which they appear. In the vacuum
(i.e. in the absence of particles at T = 0) the fluctuations are characterised by the net QCD
condensates’ density
ǫtop(T = 0) = −
( 9
32
+
(mu +md +ms)lg
4
)
〈0|αs
π
GaµνG
µν
a |0〉 ≡ −v40 , (2.6)
where the value of the QCD condensates’ amplitude v0 estimated as
v0 = 265± 15MeV . (2.7)
In the hadron plasma at finite temperature T , the QCD condensates’ density should be
different since real hadrons can influence the tunnelling processes in the ground state. Then
the parameter v = v(T ) defining the QCD condensates’ density in the hadron plasma
ǫtop(T ) = −v(T )4 , v(0) = v0 , (2.8)
can be considered as the QCD order parameter for the hadron matter.
The mechanism of generation of the lightest meson mass spectrum is related to the chiral
symmetry breaking in QCD. Formally, three light u, d, s quark system is invariant under
the global chiral UL(1) × SUL(3) × UR(1) × SUR(3) symmetry. A part of this symmetry
SUL(3) × SUR(3) is broken both explicitly (by the small u, d, s current quark masses) and
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spontaneously (by the light sea quark condensates (2.4) generated by the spontaneously-
induced gluon condensate). The lightest pseudoscalar π, K and η mesons are considered
as pseudo-Goldstone bosons whose masses are determined by the quark condensates. Ac-
cording to the well-known Gell-Mann-Oaks-Renner relation [25], the meson masses at zero
temperature are expressed in terms of the light quark condensates and the meson decay
constants as follows
m2π(vac) = −
(mu +md)〈0|u¯u+ d¯d|0〉
f 2π
,
m2K(vac) = −
(mu +md + 2ms)〈0|2s¯s+ u¯u+ d¯d|0〉
4f 2K
, (2.9)
m2η(vac) = −
(mu +md + 4ms)〈0|4s¯s+ u¯u+ d¯d|0〉
9f 2η
,
for π, K, η mesons, respectively. In the approximate calculations below, we use the following
reasonable relation for meson decay constants
f 2π ≃ f 2K ≃ f 2η ≃ (130MeV)2 . (2.10)
which together with Eq. (2.4) is justified by the approximate (within 6.5%) phenomenological
relation between the masses
4m2K ≃ 3m2η +m2π . (2.11)
For the η′ meson the situation is different. If another part of the chiral symmetry UL(1)×
UR(1) would be explicitly broken only by the small current quark masses in the same way as
SUL(3)× SUR(3), then the η′ meson would also be a pseudo-Goldstone boson and its mass
would be related to those of K and π mesons as
mη′ ≃ 1
3
(2m2K +m
2
π)
which, however, strongly contradicts to the experimental data. This means that UL(1) ×
UR(1) is broken much stronger than it would be broken by the presence of the current quark
masses only. The strong explicit breaking of UL(1)×UR(1) symmetry is known to be induced
by the gluon trace anomaly which is an integral characteristics of the topological gluon
structures participating in tunnelling processes. In order account for this effect, an additional
length parameter lan ≡ Λ−1an with the energy scale of the gluon anomaly Λan ≃ 0.5GeV
characterising its contribution to the η′ mass can be introduced such that
m2η′(vac) = −
4(mu +md +ms + Λan)〈0|s¯s+ u¯u+ d¯d|0〉
9f 2η′
, (2.12)
The length scale lan is a typical size of topological configurations participating in tunnelling
processes while the correlation length lg is the characteristic space-time scale of the gluon
field fluctuations formed during the tunnelling. The pseudoscalar π, K, η and η′ mesons are
considered as various quantum correlation waves between the quark and antiquark fluctua-
tions of the QCD condensate. Note, Eqs. (2.9) and (2.12) provide the vacuum values of the
masses of the pseudoscalar mesons in the hadronic medium at zero temperature T = 0.
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It is quite natural to assume linear dependence of the meson decay constants on the order
parameter at T = 0 (2.7). Indeed, fπ ≃ 130 MeV is directly related to the breaking of the
chiral SUL(3)×SUR(3) symmetry and, hence, to the corresponding density of the topological
quark-gluon fluctuations. Thus, defining fπ ≡ v0/kπ with kπ ≃ 2, one can rewrite the meson
mass relations as follows
m2π(vac) = 2κ(mu +md)v
2
0 , m
2
K(vac) = κ(mu +md + 2ms)v
2
0 ,
m2η(vac) =
2
3
κ(mu +md + 4ms)v
2
0 , m
2
η′(vac) =
4
3
κ(mu +md +ms + Λan)v
2
0 , (2.13)
where
κ ≡ 4k2π
(9
8
Λg +mu +md +ms
)−1
, (2.14)
which will be useful in what follows.
B. Effective Lagrangian, equations of motion and meson mass spectrum
In the previous subsection we have discussed the essential properties of low-energy QCD
and established a connection between the QCD order parameter at T = 0, v0, and the pion
decay constant, fπ, leading to quadratic dependence between the meson masses squared and
v0.
In the LσM the QCD condensate can be described by the self-interacting σ-field with
non-zeroth VEV 〈σ〉 6= 0 defined as an average of the σ-field over the quantum state vector
|0〉 (a shorthand notation 〈 . . . 〉 ≡ 〈0| . . . |0〉 is used here and below). Following the Carter’s
method [16], ones decomposes the σ-field into the condensate (σ-VEV) and wave fluctuations
about the condensate, σ˜ ≡ σ−〈σ〉. The Lagrangian of the σ-field having the quartic Higgs-
like potential reads
Lσ = 1
2
∂µσ∂
µσ − U(σ) , U(σ) = −2g2v20σ2 + g4σ4 , (2.15)
the g is the σ quartic coupling. Introducing the σ-VEV as
σ = 〈σ〉+ σ˜ , 〈σ〉 ≡ v
g
, (2.16)
one finds the vacuum value of v by minimisation of the non-equilibrium vacuum potential
Uvac(v) = −2v20v2 + v4 ,
∂Uvac
∂v
= 4v(v2 − v20) = 0 , Uvac(v0) = −v40 ≡ ǫtop(T = 0) ,
in consistency with Eq. (2.6).
One can extend this model by accounting for the lightest scalar and pseudoscalar mesons
π±, π0, K±, K0, K¯0, η, η′ together with σ-meson. In the simplest version of the model
describing the non-interacting “hadron gas” we will neglect interactions between different
π, K, η and η′ mesons compared to their interactions with the σ meson (and hence with
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the QCD condensate). Such a meson gas reflects the basic properties of low-energy QCD at
zero temperature and can be described by the effective LσM-type chiral Lagrangian
Leff = 1
2
∂µσ∂
µσ + 2g2v20σ
2 − g4σ4 +
1
2
(∂µπα∂
µπα + ∂µη∂
µη + ∂µη
′∂µη′) + ∂µK¯∂
µK − (2.17)
1
2
[
2κg2(mu +md)σ
2παπα +
2
3
κg2(mu +md + 4ms)σ
2η2 +
4
3
κg2(mu +md +ms + Λan)σ
2η′2
]
− κg2(mu +md + 2ms)σ2K¯K ,
where the relations (2.6) and (2.13) have been applied and the interactions are represented
in terms of quark masses mu,d,s, κ defined in Eq. (2.14), and the gluon anomaly scale, Λan.
In analogy to the toy-model (2.15), the global chiral symmetry is spontaneously broken by
the σ-VEV upon the shift in the σ-field defined in Eq. (2.16).
The basic idea is to generalise the “hadron gas” model (2.17) to non-zero temperatures.
In what follows, we elaborate on this generalisation and show that it leads to phenomeno-
logically consistent phenomena such as the condensate melting, the QCD phase transition
and decreasing with temperature meson masses.
Let us now consider the quasi-classical system of equations for the QCD condensate and
the quantum fluctuations. Following to Carter’s method [2, 3, 16] we use an approximation
in which VEVs of different fields are independent and equal zero for odd-point correlation
functions, while even-point correlation functions can be reduced to the functions of smaller
order. As it is discussed in Ref. [2] such an approximation corresponds to resummation of
daisy and superdaisy diagrams. In particular, this approximation reads
〈σ˜3〉 = 〈παπβ σ˜〉 = 〈η2σ˜〉 = 〈η′2σ˜〉 = 〈K¯Kσ˜〉 = 〈πασ˜〉 = 〈Kσ˜〉 =
〈K¯σ˜〉 = 〈ησ˜〉 = 〈η′σ˜〉 = 0 , 〈σ˜4〉 = 3〈σ˜2〉2 , 〈παπασ˜2〉 = 〈παπα〉〈σ˜2〉 ,
〈η2σ˜2〉 = 〈η2〉〈σ˜2〉 , 〈η′2σ˜2〉 = 〈η′2〉〈σ˜2〉 , 〈K¯Kσ˜2〉 = 〈K¯K〉〈σ˜2〉 . (2.18)
Then, using Eqs. (2.16) and (2.18) and the equations of motion one obtains the equation of
state for the condensate as follows
v2 = v20 − 3g2〈σ˜2〉 −
1
2
κ(mu +md)〈παπα〉
− 1
6
κ(mu +md + 4ms)〈η2〉 − 1
3
κ(mu +md +ms + Λan)〈η′2〉
− 1
2
κ(mu +md + 2ms)〈K¯K〉 . (2.19)
Then, factorisating the operator products of the fields, one obtains the equations of mo-
tion for the scalar and pseudoscalar fluctuations about the ground state state corresponding
to physical mesons with definite masses
∂µ∂
µσ˜ +m2σσ˜ = 0 , m
2
σ = 8g
2v2 ,
∂µ∂
µπα +m
2
ππα = 0 , m
2
π = 2κ(mu +md)M2 ,
∂µ∂
µη +m2ηη = 0 , m
2
η =
2
3
κ(mu +md + 4ms)M2 , (2.20)
∂µ∂
µη′ +m2η′η
′ = 0 , m2η′ =
4
3
κ(mu +md +ms + Λan)M2 ,
∂µ∂
µK +m2KK = 0 , m
2
K = κ(mu +md + 2ms)M2 ,
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where v2 is found in Eq. (2.19), and
M2 ≡ v2 + g2〈σ˜2〉 . (2.21)
The σ quartic coupling g can be found from the vacuum value of the σ-meson mass (at
T = 0) known phenomenologically as the scalar f0(500) state [9]
m2σ(vac) = 8g
2v20 , mσ(vac) ∼ 400− 550MeV , (2.22)
and the condensate amplitude v0 known from Eq. (2.7). Comparing the physical masses
of π, K, η and η′ mesons in the low-symmetric phase found in Eq. (2.20) to those in the
vacuum given by Eq. (2.9), we notice that the difference is accounted via the change in the
order parameter as v0 →M.
III. THERMODYNAMICS OF THE MESON PLASMA
A. Generating functional
In the case of zero chemical potential, the free energy of the meson plasma is given by
the expectation value of the trace of the spatial part of the energy-momentum tensor T ji ,
i, j = 1, 2, 3 (for the full energy-momentum tensor of this model, see Eq. (A1)). Using
Eqs. (2.16), (2.18), (2.20) as well as the results for the expectation values of field derivatives
as was discussed in Appendix A, it is straightforward to construct the generating functional
which is the free energy density written as a function of the order parameter v, temperature
T and meson masses mσ, M as follows
F(T, v,mσ,M) ≡ 1
3
〈T ii 〉 = −
1
3
[
J2(T,mσ) + 3J2(T,mπ) +
J2(T,mη) + 4J2(T,mK) + J2(T,mη′)
]
+ U(v,mσ,M) , (3.1)
where J2(T,m) is defined in Eq. (A8), the physical meson masses (except for mσ), mφ,
φ ≡ {π, K, η, η′} are related to M as given by Eq. (2.20), and
U(v,mσ,M) = m
4
σ
64π2
ln
m2σ√
em2σ(vac)
+
3m4π
64π2
ln
m2π√
em2π(vac)
+
m4η
64π2
ln
m2η√
em2η(vac)
+
4m4K
64π2
ln
m2K√
em2K(vac)
+
m4η′
64π2
ln
m2η′√
em2η′(vac)
− (3.2)
m2σ
2g2
(M2 − v2)− 2v20M2 + v4 + 6v2(M2 − v2) + 3(M2 − v2)2 ,
in terms of the vacuum values of the order parameter v0 and the meson masses mφ(vac),
and the base of natural logarithm e. Indeed, T, v, mσ, M are the independent variables
of the functional of state, the generating functional F , containing the full thermodynamic
information about the system, its vacuum and the spectrum of perturbations.
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The extremum conditions of the generating functional F over v, mσ, M read
∂F
∂v
∣∣∣
T,mσ,M
≡ v
g2
(m2σ − 8g2v2) = 0 , (3.3)
∂F
∂mσ
∣∣∣
T,v,M
≡ −mσ
g2
{
M2 − v2 − g2
[
J1(T,mσ) +
m2σ
16π2
ln
m2σ
m2σ(vac)
]}
= 0 , (3.4)
∂F
∂M
∣∣∣
T,v,mσ
≡ 4M
{
v2 − v20 −
1
4g2
(m2σ − 8g2v2) + 3(M2 − v2) + ∆
}
= 0 , (3.5)
where
∆(T,M) = 3
2
κ(mu +md)
[
J1(T,mπ) +
1
16π2
m2π ln
m2π
m2π(vac)
]
+
1
6
κ(mu +md + 4ms)
[
J1(T,mη) +
1
16π2
m2η ln
m2η
m2η(vac)
]
+ (3.6)
κ(mu +md + 2ms)
[
J1(T,mK) +
1
16π2
m2K ln
m2K
m2K(vac)
]
+
1
3
κ(mu +md +ms + Λan)
[
J1(T,mη′) +
1
16π2
m2η′ ln
m2η′
m2η′(vac)
]
.
The first relation (3.3) coincides with the σ-mass relation in Eq. (2.20). The other two
relations (3.4) and (3.5) can be resolved w.r.t. v2 andM leading to the condensate equation
of state
v2 = v20 − 3g2
[
J1(T,mσ) +
1
16π2
m2σ ln
m2σ
m2σ(vac)
]
−∆ (3.7)
and hence to the physical σ-mass at finite temperature while the other meson masses are
expressed via
M2 = v2 + g2
[
J1(T,mσ) +
1
16π2
m2σ ln
m2σ
m2σ(vac)
]
. (3.8)
Note, Eqs. (3.7) and (3.8) can be directly obtained from their definitions (2.19) and (2.21)
by an explicit calculation of expectation values of the fields, as it was also shown in [2, 3].
Alternatively, using Eqs. (3.4) and (3.5) one could resolve all the meson masses in terms
of temperature T and the order parameter v as mσ = mσ(T, v), mM ∝ M =M(T, v). So,
after a simple substitution of the latter solutions the generating functional is transformed
to the so-called non-equilibrium Landau functional
FNE(T, v) ≡ F(T, v,mσ(T, v),M(T, v)) . (3.9)
Finally, resolving the σ-mass relation
mσ(T, v)
2 = 8g2v2 , (3.10)
w.r.t. v = v(T ) and substituting this result into Eq. (3.9), one arrives at the equilibrium
Landau functional
FE(T ) ≡ FNE(T, v(T )) , (3.11)
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corresponding to the ordinary free energy.
Applying the above extrema solutions mσ = mσ(T, v), M =M(T, v), the stability con-
dition of the low-symmetry phase (in the case of a non-trivial VEV v 6= 0) reads
d2FNE
dv2
= −16v2α−
1
4
δ
α
≥ 0 , α ≡ 1 + g4δ
[
J0(T,mσ) + J0(vac)(mσ)
]
, (3.12)
where J0(vac)(m) is given in Eq. (A9), and
δ(T,M) = 6− 3κ2(mu +md)2
(
J0(T,mπ) + J0(vac)(mπ)
)
−
1
9
κ2(mu +md + 4ms)
2
(
J0(T,mη) + J0(vac)(mη)
)
− (3.13)
4
9
κ2(mu +md +ms + Λan)
2
(
J0(T,mη′) + J0(vac)(mη′)
)
−
κ2(mu +md + 2ms)
2
(
J0(T,mK) + J0(vac)(mK)
)
.
In Eq. (3.12), the equality
d2FNE
dv2
∣∣∣
T=Tc
= 0 (3.14)
defines the critical (phase transition) temperature T = Tc.
A numerical analysis of Eq. (3.12) for acceptable values of the quartic coupling g shows
that for small temperatures T ≪ Tc both the numerator and the denominator in Eq. (3.12)
are positively-definite and finite. With the increase of T → Tc the denominator increases
and remains finite while the numerator decreases and vanishes at T = Tc. This observation
enables us to write down the stability condition for the low-symmetry phase of the meson
plasma as
α− 1
4
δ ≤ 0 , mσ = mσ(T, v) , (3.15)
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FIG. 1: The graphical analysis of the system (3.16).
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Provided that ∆ given in Eq. (3.6) does not explicitly depend on the order parameter v,
i.e. ∆ = ∆(T,M), it is convenient to exclude v2 from the system of equations (3.3), (3.4)
and (3.5) reducing them to the following two equations
mσ(T,M)2 = −4g2v20 + 12g2M2 + 4g2∆(T,M) ,
M(T,mσ)2 = m
2
σ
8g2
+ g2
[
J1(T,mσ) +
1
16π2
m2σ ln
m2σ
m2σ(vac)
]
. (3.16)
that can be now solved e.g. graphically for different temperatures as shown in Fig. 1. At low
temperatures T < Tc (red lines) shown in Fig. 1 (left panel) there is only one solution where
the lines intersect for which the stability condition (3.15) is satisfied. When temperature
grows and reaches T = T0 the second solution appears for lower mass values than for the first
solution mσ(2) < mσ(1), M(2) < M(1). Despite the positivity of the meson mass spectrum,
the stability condition (3.15) does not satisfy for the second solution so it is found to be
unstable. With further growth of temperature the meson masses corresponding to the first
stable solution decrease and at T = Tc the stable solution joins the unstable one as presented
in Fig. 1 (red dashed curves on the right panel) i.e. the curves touch in a single point where
the corresponding derivatives match
dm2σ(M2)
dM2
∣∣∣
T=Tc
=
(dM2(mσ)
dm2σ
)−1∣∣∣
T=Tc
. (3.17)
which is a direct analog of the condition on the critical temperature Tc (3.14) where the
phase transition occurs. At higher temperatures T > Tc there are no solutions of the system
(3.16). Provided that at the critical point the values vc, mσ(c), Mc are non-zero the phase
transition is of the first order.
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FIG. 2: The non-equilibrium Landau functional, FNE(T, v), as a function of v for different tem-
peratures (for low v and T0 < T < Tc, blue line, there is no finite solution of Eqs. (3.4) and (3.5)
which defines the functional (3.9)).
Another way of representing the corresponding dynamics is by considering the Landau
functional (3.9) directly looking for the equilibrium states numerically in different charac-
teristic temperature regions. In Fig. 2 one notices that at low temperature T < Tc there is
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a stable phase with v(T ) 6= 0 where the extremum conditions (3.3)–(3.5) are satisfied (blue
solid line). As the temperature T grows, the order parameter v = v(T ) decreases. At some
specific value T = T0 a new maximum appears (red dashed line). For T = Tc, the minimum
for v 6= 0 joins the maximum and both non-trivial extrema disappear such that the low-
symmetric phase becomes unstable (green dot-dashed line). In the case of T > Tc, there is
only one global minimum at v = 0 where the stability conditions are satisfied (black dotted
line). As the value of the order parameter v changes abruptly and stepwise from v = vc
to v = 0, the first-order phase transition indeed occurs in the considered model at T = Tc
as was already indicated above. The generic analysis of the minimisation conditions (3.3),
(3.4), (3.5) and (3.12) enables us to reconstruct the behaviour of the basic thermodynamic
quantities as functions of temperature. It will be shown below that, indeed, this behaviour
corresponds to the first-order phase transition at T = Tc.
The characteristic observables of the meson plasma can be built based upon the equilib-
rium Landau potential (free energy) (3.11), FE(T ). Namely, pressure p(T ), entropy density
σ(T ), energy density ǫ, and heat capacity cV are found as
p(T ) = −FE(T ) , σ(T ) = − d
dT
FE(T ) , ǫ = FE + Tσ , cV = T dσ
dT
=
dǫ
dT
, (3.18)
respectively. These quantities as given in explicit analytic form in Appendix B. The speed
of sound squared is then given by
u2 =
(dp
dǫ
)
σ
=
dp/dT
dǫ/dT
=
σ
cV
. (3.19)
B. Zero condensate phase
At temperatures above Tc, the system is expected to reach a deconfined state where the
condensate is melted. According to Ref. [13, 14] mesons can survive near (pseudo-)critical
point as metastable states, and, hence, it is reasonable to ask about the properties of mesons
at T > Tc.
Of course, above the critical temperature T > Tc, the characteristic degrees of freedom in
the considering system change since hadrons get deconfined into quarks and gluons, and the
condensate melts down, thus, approaching the zero-condensate phase. Such a deconfined
phase has to be considered separately based upon a new generating functional written in
terms of relevant degrees of freedom in the deconfined plasma different from that in Eq. (3.1).
But, as an initial step one can consider mesonic fluctuations in such an exotic phase without
quarks, gluons and with nearly-melted condensate.
The existence of this phase follows from Eq. (3.3). According to Eq. (3.3) the non-
equilibrium Landau functional (3.9) can have an extremum at v = 0 already at temperatures
below Tc. In this case the system of equations (3.5) and (3.4) turns into
M2 − g2
[
J1(T,mσ) +
1
16π2
m2σ ln
m2σ
m2σ(vac)
]
= 0 ,
−v20 −
1
4g2
m2σ + 3M2 +∆ = 0 (3.20)
that has to have a real solution {mσ, M} for the considering temperature. The stability
condition for such a phase (3.12) corresponds to a positively-definite σ-meson mass
m2σ > 0 , (3.21)
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which is satisfied automatically as long as the system (3.20) has a solution. As was mentioned
above in the context of Fig. 2, the zero condensate phase becomes metastable at certain T0 <
Tc where the σ meson mass vanishes mσ(T0) = 0, while the pseudoscalar mass parameter
M(T0)2 = g
2
12
T 20 (3.22)
is finite. For vanishing v(T0) = 0, the system of equations (3.5) and (3.4) transforms to the
transcendental algebraic equation
aT 20 + bT
2
0 ln
g2T 20
12v20
− v20 = 0 , (3.23)
whose solution reads
T0 =
v0√
bW [ e
a/bg2
12b
]
, (3.24)
where W is the Lambert function, and the parameters a, b are found as
a =
g2
4
+ κ
{
3
2
(mu +md)J˜1
(
κ(mu +md)g
2
6
)
+
1
6
(mu +md + 4ms)J˜1
(
κ(mu +md + 4ms)g
2
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)
+ (mu +md + 2ms)J˜1
(
κ(mu +md + 2ms)g
2
12
)
+
1
3
(mu +md +ms + Λan)J˜1
(
κ(mu +md +ms + Λan)g
2
9
)}
,
b =
g2κ2
192π2
{
3(mu +md)
2 +
1
9
(mu +md + 4ms)
2
+ (mu +md + 2ms)
2 +
4
9
(mu +md +ms + Λan)
2
}
.
Here, the function J˜1 is defined by Eq. (A10). For a wide range of parameters, b≪ a, such
that to a good approximation
T0 ≈ v0√
a
. (3.25)
At some temperature T1 the zero-condensate phase stabilises which corresponds to the
situation, when two minima, v = 0 and v 6= 0 of non-equilibrium functional FNE(T, v)
become equal, and beyond Tc it is the only stable phase (see Fig. 2). In the minimum v 6= 0,
the non-equilibrium functional equals to the equlibrium one FE . Then, temperature T1 can
be defined from the following equation
FNE(T1, 0) = FE(T1) . (3.26)
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For e.g. mσ(vac) = 500MeV one has T1 = 430MeV. The thermodynamic observables in
the zero-condensate phase can be obtained by using relations (3.18) and (3.19), while the
corresponding equilibrium generating functional is FE0(T ) = FNE(T, 0) (c.f. Appendix B). In
particular, pressure, entropy density and energy density are described by the same formulae
(B1), (B2), (B3), but computed for v = 0 and with mσ,M following from the corresponding
solution of Eq. (3.20).
The chiral phase transition to the zero-condensate phase occurs for some temperature
between T1, when the zero-condensate phase stabilizes, and Tc, when the phase with the
finite condensate becomes unstable. If such a transition happens at T = T1, then the latent
heat is given by
∆ε = εv=0 − εv 6=0 = 1.0× 1010MeV4 . (3.27)
C. Thermal fluctuations in the meson plasma
Let us briefly discuss thermal fluctuations in the system “QCD condensate + meson
plasma” in the vicinity of the phase transition for low-symmetric phase. The probability of
a fluctuation of the order parameter ∆v behave as follows
w ∼ exp
[
− ∆F
T
]
∼ exp
[
− (∆v)
2
2〈(∆v)2〉
]
, (3.28)
where F = FNEV is a full free energy (non-equilibrium Landau functional) in the meson
plasma occupying volume V . The relative mean square fluctuation of the order parameter
can be obtained by Taylor-expanding ∆F in Eq. (3.28) up to the second order such that〈(∆v)2
v2
〉
= − T
16v4V
α
α− 1
4
δ
, (3.29)
where α and δ are defined in Eqs. (3.12) and (3.13), respectively. The mean square amplitude
of the meson mass fluctuations can be obtained by expressing the ∆mσ and ∆M fluctuations
through ∆v resulting in〈(∆mσ)2
m2σ
〉
= −Tδ
2g4
4m4σV
1
α(α− 1
4
δ)
,
〈(∆M)2
M2
〉
= − T
16M4V
1
α(α− 1
4
δ)
. (3.30)
When the system warms up with T → Tc, the term α − δ/4 → 0 vanishes according to
Eq. (3.14). This means that fluctuations of the order parameter and masses singularly
increase as ∝ (α− δ/4)−1/2 in the system “searching” for a new stable state.
IV. NUMERICAL RESULTS
A. Mass spectrum
Let us investigate the evolution of meson masses with temperature below and above the
critical temperature Tc numerically. The σ-meson mass at zero temperature is phenomeno-
logically uncertain and belongs to a wide region 400MeV . mσ(vac) . 550MeV that corre-
sponds to a variation of the quartic coupling squared within the interval 0.26 < g2 < 0.48.
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The latter variation in the coupling has then been employed for finding the typical values of
the critical temperature Tc, the meson mass parameters at this temperature such as mσ(c)
andMc, as well as the strength of the first-order phase transition given terms of the ratios
vc/Tc or mσ(c)/Tc. The results are shown in Table I.
TABLE I: The first-order phase transition strength as a function of the quartic coupling squared
0.26 < g2 < 0.48.
mσ(vac), MeV g
2 mσ(c), MeV Mc, MeV vc, MeV Tc, MeV vc/Tc mσ(c)/Tc Mc/Tc
400 0.26 202 150 141 443 0.319 0.46 0.34
425 0.29 214 151 141 442 0.319 0.48 0.34
450 0.32 226 151 140 441 0.319 0.51 0.34
475 0.36 238 152 140 439 0.319 0.54 0.35
500 0.40 250 153 140 438 0.320 0.57 0.35
525 0.44 263 153 140 437 0.321 0.60 0.35
550 0.48 276 154 141 435 0.323 0.63 0.35
One notices that the strength of the first-order phase transition increases for larger vac-
uum σ-meson masses.
The thermal evolution of the meson masses and the condensate amplitude is shown in
Fig. 3 for mσ(vac) = 500MeV and g
2 = 0.4 corresponding to Tc = 438MeV (see Table I).
The masses of all the mesons and the condensate amplitude in the plasma decrease with
T at T < Tc. Such a characteristic behavior is different from that in other approaches
[2, 3, 12] where the σ-meson mass also decreases but the pion mass remains either finite
or increases. The variation of mσ(vac) (and g
2) shown in Table I only slightly affects the
critical temperature as well as the thermal evolution of the meson masses. The fact that Tc
turns out to be larger than the conventional estimates 150−200MeV [34, 35] can be related
with the too narrow meson spectrum accounted for in the considering model (for example,
one could check that in the homogeneous σ-meson plasma the critical temperature is much
higher). Also, such a value of the critical temperature can be further reduced by inclusion
of fermions (quarks and baryons) as was noticed earlier in Ref. [3].
Above Tc the masses of pseudoscalar mesons unevenly fall down to small values and then
start to slowly increase while the σ-meson mass falls down to zero and then increase relatively
fast. Such behaviour is also a result of the “hadron gas” approximation and it differs from
the conventional LσM or PNJL results [2, 3, 12]. This observation can be interesting since
one could notice from Fig. 3 that mσ is larger than 2mπ almost everywhere. This means
that σ will decay to a pair of pions, i.e. σ → π+π− and σ → π0π0, which was kinematically
forbidden in other approaches [2, 3, 12] where mσ → mπ at large T > Tc.
As was discussed in Sec. III B, the zero condensate phase v = 0 becomes metastable at
a certain T0 < Tc that corresponds to a vanishing σ-meson mass mσ(T0) = 0. The values
of T0, M(T0) as well as mσ(c), Mc in the zero condensate phase and temperature of phase
stabilization T1 are collected in Table II.
We find that the width of the phase coexistence region is about 10% of the critical
temperature and slightly decreases with g2 while T0 is non-monotonic.
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FIG. 3: The meson masses and the amplitude of the condensate as functions of temperature for
g2 = 0.4.
TABLE II: Characteristics of the zero condensate phase.
mσ(vac), MeV g
2 T0, MeV T1, MeV (Tc − T0)/Tc M(T0), MeV mσ(Tc), MeV M(Tc), MeV
400 0.26 401 435 0.10 58.5 139 55.5
425 0.29 402 433 0.09 62.2 143 58.5
450 0.32 402 432 0.09 66.0 147 61.4
475 0.36 402 431 0.08 69.7 151 64.3
500 0.40 402 430 0.08 73.3 155 67.0
525 0.44 402 429 0.08 76.9 158 69.8
550 0.48 401 428 0.08 80.5 162 72.5
B. Pressure, energy density and equation of state of the meson plasma
The formulas for energy density pressure are provided by Eqs. (B3) and (B1), respectively,
and their thermal evolution is shown in Fig. 4. The results weakly depend on g-coupling
values.
Taking the low-temperature limits T → 0 of Eqs. (B1) and (B3) using the relations for
the temperature integrals in Eqs. (A10) and (A12), we find that only vacuum contributions
in pressure and density remain. The net QCD vacuum energy density ǫQCDvac turns out to be
negative
ǫQCDvac ≡ ǫ(T = 0) = ǫtop + ǫhadvac = −v40 −
1
128π2
(
m4σ(vac) + 3m
4
π(vac)
+ m4η(vac) + 4m
4
K(vac) +m
4
η′(vac)
) ≃ −7× 109MeV4 . (4.1)
Apparently, it gets two contributions: topological (quark-gluon) condensate density, ǫtop =
−v40 , that has been introduced earlier in Eq. (2.6), and an addition term that corresponds
to the perturbative hadronic vacuum ǫhadvac due to the regularised contributions from meson
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FIG. 4: Thermal evolution of pressure, p(T ) corresponds to v 6= 0 phase and p0(T ) to zero-
condensate phase.
fluctuations. The net QCD vacuum density and pressure at T = 0 satisfy the vacuum
equation of state, namely,
ǫ(T = 0) = −p(T = 0) (4.2)
as they should. The hadronic vacuum contribution ǫhadvac turns out to be rather small
ǫhadvac /ǫ
QCD
vac ≈ 0.15 and enters with negative sign.
With the increase of temperature, both pressure and energy density grow due to positive
particle contributions. The total energy density vanishes ǫ(Tǫ=0) = 0 at Tǫ=0 ≃ 237MeV for
mσ(vac) = 500MeV. Interestingly enough, as can be seen in Figs. 4 and 5, the resulting form
of pressure and energy density profiles can be approximated by the corresponding relations
built upon the constant negative vacuum contribution and the massless bosonic plasma term
∝ T 4. A good fit can be obtained for the coefficient α ≃ 3.5 and for the effective number
of relativistic degrees of freedom gi ≃ 9. At T > Tc, the energy density increases unevenly
while pressure changes continuously. At T = T1 pressure is the same in both phases.
The equation of state (ǫ(T ) − 3p(T ) − A)/T 4, where A = ε(T = 0) − 3p(T = 0) is
a vacuum contribution, changes from the vacuum value which corresponds to zero up to
positive values as shown in Fig. 5. It then decreases in the zero-condensate phase at T > Tc.
C. Entropy density, heat capacity and speed of sound
Now consider other thermodynamical characteristics of the meson plasma such as the
entropy density, the heat capacity and the speed of sound squared which are given by the
formulas (B2), (B4) and (3.19), respectively. The corresponding numerical results are shown
in Fig. 6 for both phases.
At small temperatures T ≪ Tc, the entropy density, the heat capacity and the speed of
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(right) of the meson plasma.
sound squared behave as follows
σ(T → 0) = 3
(2π)3/2
m
5/2
π(vac)
√
Te−mpi(vac)/T ,
cV (T → 0) = 3
(2π)3/2
m
7/2
π(vac)
1√
T
e−mpi(vac)/T , (4.3)
u2(T → 0) = T
mπ(vac)
,
respectively, and turn to zero at T = 0 as expected. The latter relations show that the
low-temperature plasma is dominated by the lightest states, namely, π-mesons.
At large temperatures T → Tc, the behavior of these quantities corresponds to the first-
order phase transition. Indeed, the entropy density σ increases but remains finite and the
heat capacity cV has a singularity at T = Tc as follows from Eqs. (3.15), (B4) and (B6),
while the speed of sound squared u2 turns to zero according to Eq. (3.19). Note, the latter
remains roughly constant in a wide range of temperatures 50MeV . T . 400MeV and
beyond Tc.
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V. QCD VACUUM IN COSMOLOGY
In cosmology, the presence of vacuum condensates with negative energy density leads to
a contradiction as the right hand side of the Friedmann equations has to be positive for
the flat universe. More precisely, if we introduce a negative QCD vacuum contribution then
the universe will necessarily collapse at some point in its history. Indeed, after the phase
transition at T ∼ Tc, the net QCD energy density is positive, see Fig. 5 (left panel). Then, as
the universe expands and the energy density of matter components decreases, approximately
as 1/an (n = 4 for radiation and n = 3 for non-relativistic matter). The negative QCD
vacuum contribution ǫQCDvac found in Eq. (4.1) behaves as a cosmological constant and does
not depend on the scale factor. Thus, at some moment the negative-valued condensate
totally compensates a positive contribution from matter such that the total energy vanishes.
At this moment the Hubble constant H = a˙/a also vanishes for the flat Friedmann universe
while a¨ < 0 as the pressure is always positive, see Fig. 4 (right panel). This means that
the universe begins to contract at this time and collapses very fast during the time period
of the order of a microsecond as will be shown below. Such a situation has nothing to
do with reality as the modern large-scale universe would not be formed in this case so the
negative QCD condensate must be eliminated in some way, e.g. by invoking an additional
positively-definite cosmological constant (see below).
Let us discuss more quantitatively the behavior of the flat universe filled with the meson
plasma in the model considered above neglecting all other possible contributions apart from
QCD, for simplicity. The Friedmann equations for the scale factor in physical time a = a(t)
are as follows
3
κ
a˙2
a2
= ǫ ,
d
dt
(ǫa4)− da
dt
a3(ǫ− 3p) = 0 , (5.1)
where ǫ = ǫ(T ) and p = p(T ) are the total energy density and pressure of the “meson plasma
+ QCD condensate” medium at T < Tc given by Eqs. (B3) and (B1), respectively. The
corresponding equation for the trace of the energy-momentum tensor can be written as
6
κ
( a¨
a
+
a˙2
a2
)
= ǫ− 3p . (5.2)
and in what follows we suppose that the first order phase transition from/to the meson
plasma phase happens at T = Tc during heating/cooling of the universe. A more accurate
analysis of the phase transition domain requires taking into account the QGP phase, of
course, and for this reason we do not consider the non-equilibrium processes of bubbles’
creation as well as the superheated and overcooled states in this work.
The second equation in Eq. (5.1) enables us to express the scale factor through the entropy
density σ = σ(T ). Indeed, for any T and T ∗ below Tc we have
a(T )
a(T ∗)
=
( σ(T )
σ(T ∗)
)−1/3
. (5.3)
The energy density can then be found as a function of the scale factor ǫ = ǫ(a). The
numerical results shown in Fig. 7 (left panel) demonstrate that at a certain large a > amax
the energy density ǫ(a) indeed becomes negative such that the universe can never expand
beyond amax = a(Tǫ=0). For T
∗ = Tc one obtains amax/a(T ∗) ≃ 2.
20
0 2 4 6 8 10
-5
0
5
10
aaHT*L
¶
,
10
9
M
eV
4
0 10 20 30 40 50 60
150
200
250
300
350
400
Dt, Μs
T,
M
eV
FIG. 7: The energy density as a function of the scale factor in the meson plasma model (solid line)
and for the same model but with additional positive QCD-scale Λ-term (dashed line) is shown on
the left panel. The temperature as a function of time (solid line) and for the same model but with
additional positive QCD-scale Λ-term (dashed line) is presented on the right panel.
The time dependence of all the thermodynamical quantities can be determined from the
first equation in Eq. (5.1). When energy density vanishes the expansion terminates and the
universe begins to collapse since
6
κ
a¨
a
∣∣∣
ǫ=0
= −3p|ǫ=0 < 0 , (5.4)
For the corresponding expansion period ∆t∗, while the energy density evolves from ǫ(T ∗) > 0
to zero, one obtains
∆t(ǫ) = −2
3
√
3
κ
∫ √ǫ
√
ǫ(T ∗)
d
√
ǫ
Tσ
, ∆t∗ ≡ ∆t(ǫ = 0) ≃ 22µs . (5.5)
For ∆t > ∆t∗, we find
∆t(ǫ) = ∆t∗ +
2
3
√
3
κ
∫ √ǫ
0
d
√
ǫ
Tσ
, ǫ > 0 , (5.6)
such that functions ǫ(t), T (t) and a(t) can be obtained by inversion of Eqs. (5.5) and (5.6).
The corresponding results are shown in Fig. 7 (right panel) and Fig. 8.
As one notices in Figs. 7 and 8 the collapse begins at ∆t∗ soon after the phase transition.
The collapse is followed by the warming up of the universe as is seen in Fig. 7, and finally
the universe reaches the temperature Tc of the phase transition. The existence of the second
phase transition during the collapse stage is an important consequence of the presence of
the negative QCD vacuum contribution in cosmology. The full cycle of expansion between
the two subsequent phase transition epochs is estimated as
∆t∗∗ = 2∆t∗ ≃ 45µs . (5.7)
After the full cycle, the story may in principle repeat itself: the collapse terminates due
to an unknown “bounce” mechanism and changes to expansion when the universe is filled
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FIG. 8: The scale factor as a function of time (solid line) and for the same model but with
additional positive QCD-scale Λ-term (dashed line) is shown on the left panel. The energy density
as a function of time in the meson plasma model (solid line) and for the same model but with
additional positive QCD-scale Λ-term (dashed line) is presented on the right panel.
with QGP, then it cools down and the phase transition to the meson plasma occurs with
formation of the negative QCD vacuum and the universe continues to expand until it reaches
amax, and so on. Apparently, such universe may oscillate in this way indefinitely long and
never expands beyond amax in the presence of the negative QCD Λ-term.
It is clear that the negative QCD vacuum contribution has to be almost exactly compen-
sated by a positive cosmological constant for a macroscopic evolution to become possible.
What can be the source of such a positive vacuum contribution that emerge at the QCD
energy scale? So far, different approaches to the problem of negative QCD vacuum contri-
bution were suggested. In Ref. [36], for example, it has been argued that the QCD vacuum
does not have to be taken into account in cosmology at all as its contribution is already
contained in hadron masses. Apparently, this is equivalent to the statement that the QCD
vacuum has already been compensated during the hadronisation epoch and there is no need
to discuss it at any later time in the universe history. In Refs. [29] and [31] it has been shown
that under certain assumptions about a particular form of the non-perturbative gauge cou-
pling constant it is possible to construct a generic non-perturbative solution for non-Abelian
fields corresponding to a vacuum with a positive energy density that could compensate the
ordinary QCD condensate.
While the exact compensation mechanism remains debatable, it is clear that such a com-
pensator must exist and a positive cosmological constant at the QCD energy scale has to
be formed at temperatures close to the QCD transition temperature together with the neg-
ative QCD term effectively eliminating the QCD vacua effects at any distances beyond the
typically hadron length scale. According to the hypothesis about a stochastic formation
mechanism of such a condensate, it may be formed after a series of the cycles of expan-
sion/collapse of the universe such that after certain time scale the universe passes the phase
transition scale and undergoes unbounded expansion as shown in Fig. 9 (left panel). This
situation can be simulated by including a positive QCD-scale Λ+-term by hands into the
Friedmann equations (5.1) at one of the evolution cycles without specifying a particular
nature of this term such that
3
κ
a˙2
a2
= ǫ+ Λ+ ,
d
dt
(ǫa4)− da
dt
a3(ǫ− 3p+ 4Λ+) = 0 , Λ+ + ǫQCDvac ≃ 0 . (5.8)
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FIG. 9: An illustration of the oscillating universe during QCD phase transition epoch within the
hypothesis about the stochastic formation of the positive QCD-scale Λ-term is shown in the left
panel. The results of the Bag-like model [33] for the scale factor as a function of time (solid line)
and for the same model but with additional positive QCD-scale Λ-term (dashed line) are presented
on the right panel.
The latter intuitive relation, although fine-tuned to many decimal digits, may not be an
exact one as there should remain a small uncompensated positive cosmological constant
emerged recently in observations. The latter could be formed e.g. in the framework of
Zeldovich-Sakharov scenario as a quantum-gravity correction to the QCD vacuum density
due to the graviton-exchange interactions in the QCD vacuum as was demonstrated in
Ref. [37], and other mechanisms are also possible. In Figs. 8 and 7 the results with Λ+
obtained from Eq. (5.8) in the meson plasma model are shown by dashed lines. One notices
that the presence of positive Λ+ compensator prevents the universe from collapsing while
the scenario of oscillating universe mentioned above is realised in the case of a very slow
(stochastic) formation of Λ+.
A collapsing behavior discussed above can be obtained in the framework of any effective
QCD-like theory with a negative ground state density. In particular, let us consider the
Bag-like model as an example [33] which provides a phenomenological description of both
the phases and the transition in the crossover regime. The equation of state in the Bag-like
model is defined by the following system of equations
ǫ(T ) = T
dp
dT
− p , p = sT +B , s− f(T, s) = 0 , (5.9)
where
f(T, s) = c0
( T
2π
)3/2 ∫ ∞
mpi
dη
{3
4
η +B
η
4(B + sT )
}3/2−α
e
η
k(B+sT )1/4
− η
T , (5.10)
and the model parameters are given by
α = 2.3 , c0 = 3642MeV
α−1 , B1/4 = 250MeV , k = 0.68 , mπ = 139MeV .
The only difference of Eqs. (5.9) and (5.10) with the original formulation in Ref. [33] is an
additional vacuum term B that has been added to the QCD energy density in order to make
a shift of the vacuum density to a negative value in the hadronic phase and thus to match
23
with the conventional QCD vacuum energy (in Ref. [33] the QCD vacuum energy density
is positive in the QGP phase and zero in the hadronic phase). The system (5.9) should
then be solved together with the Friedmann equations (5.1) or, alternatively, (5.8) with a
compensating positive Λ-term. The results of the numerical solution for the scale factor are
shown in Fig. 9 (right panel). One notices that the scale factor evolves similarly to the one
shown in Fig. 8 demonstrating a rather universal pattern.
Another important point of the above analysis is an assumption about a mechanism of
bouncing from the singularity due to which the collapse can be terminated and changed back
to expansion at some high temperatures T > Tc. The bouncing cosmologies is a long-debated
subject in the literature, and so far various mechanisms of such a bounce constraining the
scale factor a 6= 0 from below were suggested. For a detailed review on this topic, see
e.g. Refs. [38–41] and references therein. In some of the existing scenarios, the bounce
appears in ordinary gravity after the inclusion of exotic matter into the Einstein equations.
This can be string-like or domain-wall matter or scalar fields with nonlinear oscillating
potentials [41]. In many other scenarios the bounce appears as a result of modifications of
General Relativity by incorporating additional complicated interaction terms such as the
ones in f(R) gravity [42]. The bounce can appear in ordinary gravity as well if one includes
viscosity [43, 44]. A set of other approaches is based on the braneworld picture [45].
Finally, it is worth noticing that the conclusion about the collapsing behavior and
a possible series of oscillations with a consequent set of phase transitions is a rather
model-independent statement. This statement follows just from the fact that the nega-
tive (quantum-topological) QCD vacuum found in microscopic physics on the general basis
does participate in the universe evolution. But a particular form of the oscillations, their
number and dynamics of the universe during this period depend on details of a complete dy-
namical theory of the quark-hadron plasma. The issues of dynamical formation of a positive
QCD-scale vacuum contribution, the properties of the cosmological cycles and the picture
of phase transitions during such cycles remain open for further studies.
VI. CONCLUSION
We have proposed a simple phenomenological model reflecting all the basic features of
low-energy QCD and accounting for the lightest (pseudo)scalar meson degrees of freedom
(the meson plasma) and the QCD vacuum in the low-temperature regime. In fact, it can
be considered as an approximation of “hadron gas” in the LσM model. One of the basic
assumptions of this model is that pseudoscalar mesons do not directly interact with each
other, but only via the σ-field. Remarkably enough, such a simplified formulation recon-
structs sufficiently well the basic properties of low-energy QCD, namely, the generation of
the meson masses by interactions with the QCD condensate, the energy density and pressure
of the QCD vacuum as well as predicts the existence of the first-order phase transition. At
the same time, it enables us to study the basic thermodynamic observables of the meson
plasma fully analytically.
Of course, the model has to be improved by inclusion of heavier mesons, baryons and
interaction between them which would, however, make it analytically unsolvable and far
less transparent and can be done only in some approximations. It has been shown that
the inclusion of additional heavier states into the model decreases the phase transition
temperature. In perspective, also quarks and gluons have to be taken into account following
the discussion of Refs. [2, 3] which would make it possible to describe the quark-gluon plasma
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phase above the critical temperature and, expectedly, has to change the phase transition to
crossover.
We have extended the analysis of Ref. [2] by including the zero-point fluctuations. In
comparison to other models [2, 3, 12], our mode incorporates additional light pseudoscalar
degrees of freedom and predicts somewhat different temperature dependence of the meson
masses, namely, they decrease below Tc and slowly increase above Tc.
It has been understood in the framework of the considered meson plasma model that
the presence of the negatively-valued QCD vacuum density in cosmology leads to a very
fast collapse of the universe shortly after the Big Bang preventing its macroscopic evolu-
tion. Adopting a realistic scenario of bouncing from the singularity, we have discussed the
hypothesis of oscillating universe that after a series of oscillations can, in principle, pass the
QCD epoch as long as a positive QCD-scale vacuum contribution is generated along with
the negative QCD term and compensates it around the QCD transition time. If such a pos-
itive term is (stochastically) generated much slower than the negative one, the universe may
spend a significant amount of time in the oscillating regime before the vacua compensation
happens and it can turn to an unbounded expansion. One of the key remaining problems for
further studies is formulation of a dynamical QCD-like theory where the positive QCD-scale
contribution is naturally present.
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Appendix A: Energy-momentum tensor and free energy of the meson plasma
The energy-momentum tensor of the meson plasma has the following form
T νµ = ∂µσ∂νσ + ∂µπα∂νπα + ∂µη∂νη + ∂µη′∂νη′ + ∂µK¯∂νK + ∂νK¯∂µK −
δνµ
(1
2
∂λσ∂
λσ + 2g2v20σ
2 − g4σ4 +
1
2
(∂λπα∂
λπα + ∂λη∂
λη + ∂λη
′∂λη′) + ∂λK¯∂
λK − (A1)
1
2
[
2κg2(mu +md)σ
2παπα +
2
3
κg2(mu +md + 4ms)σ
2η2 +
4
3
κg2(mu +md +ms + Λan)σ
2η′2
]
− κg2(mu +md + 2ms)σ2K¯K
)
.
Neglecting the chemical potential, one finds the free energy of meson plasma in the QCD
condensate as the vacuum expectation value of the trace of the energy-momentum tensor
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(A1) over the spatial indices. Using Eqs. (2.16) and (2.18) one obtains
F = 1
3
〈T ii 〉 = −
1
3
(〈∇σ˜∇σ˜〉+ 〈∇πα∇πα〉+ 〈∇η∇η〉+ 〈∇η′∇η′〉+ 2〈∇K¯∇K〉)−{1
2
〈∂λσ˜∂λσ˜〉+ 2v20(v2 + g2〈σ˜2〉)− (v4 + 6g2v2〈σ˜2〉+ 3g4〈σ˜2〉2) +
1
2
(〈∂λπα∂λπα〉+ 〈∂λη∂λη〉+ 〈∂λη′∂λη′〉+ 2〈∂λK¯∂λK〉)− (A2)
1
2
[
2κ(mu +md)(v
2 + g2〈σ˜2〉)〈παπα〉+ 2
3
κ(mu +md + 4ms)(v
2 + g2〈σ˜2〉)〈η2〉+
4
3
κ(mu +md +ms + Λan)(v
2 + g2〈σ˜2〉)〈η′2〉+ 2κ(mu +md + 2ms)(v2 + g2〈σ˜2〉)〈K¯K〉
]}
.
The latter expression can be simplified transformed using the basic equalities
〈∂µφ∂µφ〉 = m2φ〈φ2〉 , (A3)
and Eqs. (2.19) and (2.20) to a simple form
F = −1
3
[〈∇σ˜∇σ˜〉+ 〈∇πα∇πα〉+ 〈∇η∇η〉+ 〈∇η′∇η′〉+ 2〈∇K¯∇K〉]−
m2σ
2g2
(M2 − v2)− 2v20M2 + v4 + 6v2(M2 − v2) + 3(M2 − v2)2 , (A4)
where M is defined in Eq. (2.21).
In calculations of the vacuum expectation values of the square field combinations ap-
pearing in Eq. (A4), the following temperature integrals emerge that are related by the
recurrence relations
Jn(T,mφ) =
1
2π2
∫ ∞
0
p2ndp
ωp(φ)
1
e
ωp(φ)
T − 1
, n = 0, 1, 2 , (A5)
∂Jn(T,mφ)
∂mφ
∣∣∣
T
= −(2n− 1)mφJn−1(T,mφ) ,
∂Jn(T,mφ)
∂T
∣∣∣
mφ
=
(2n− 1)
T
m2φJn−1(T,mφ) +
2n
T
Jn(T,mφ) .
Besides, the contribution of vacuum oscillations
Jn(vac)(mφ) =
1
2
∑
~p
p2(n−1)
ωp(φ)
, n = 0, 1, 2 , (A6)
has to be taken into account as well. They depend on the meson masses which in turn are
functionals of the thermodynamic state of the medium. Then, the expectation values of the
spatial derivatives squared in Eq. (A4), for example, can be found as follows
〈∇φ∇φ〉 = J2(T,mφ) + 1
2
∑
~p
p2
ωp(φ)
, (A7)
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where
ωp(φ) =
√
p2 +m2φ , J2(T,mφ) =
1
2π2
∫ ∞
0
p4dp
ωp(φ)
1
e
ωp(φ)
T − 1
. (A8)
After regularisation, the vacuum integrals will take the following form
J0(vac)(mφ) = − 1
8π2
ln
em2φ
m2φ(vac)
,
J1(vac)(mφ) =
m2φ
16π2
ln
m2φ
m2φ(vac)
, (A9)
J2(vac)(mφ) = −
3m4φ
64π2
ln
m2φ√
em2φ(vac)
.
The temperature integrals (A5) can be reduced to one-variable functions as follows
Jn(T,mφ) = T
2nJ˜n(
mφ
T
) , J˜n(q) =
1
2π2
∫ ∞
0
z2ndz√
z2 + q2(e
√
z2+q2 − 1)
. (A10)
where integrals J˜n(q) behave at q → 0 as
J˜0(q → 0) = 1
4πq
,
J˜1(q → 0) = 1
12
, (A11)
J˜2(q → 0) = π
2
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.
In the case of large q ≫ 1, they can be expressed through the modified Bessel functions of
the second kind
J˜0(q ≫ 1) = 1
2π2
K0(q) ,
J˜1(q ≫ 1) = q
2π2
K1(q) , (A12)
J˜2(q ≫ 1) = 3q
2
2π2
K2(q) ,
and disappear exponentially at q →∞, i.e.
J˜0(q →∞) = q
−1/2
(2π)3/2
e−q ,
J˜1(q →∞) = q
1/2
(2π)3/2
e−q , (A13)
J˜2(q →∞) = 3q
3/2
(2π)3/2
e−q .
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Appendix B: Thermodynamical observables
Starting from definitions in Sect. III, we obtain the expressions for the observable ther-
modynamical quantities of the meson plasma in the QCD condensate such as pressure
p =
1
3
{
J2(T,mσ) + 3J2(T,mπ) + J2(T,mη)
+ 4J2(T,mK) + J2(T,mη′)
}
− U(v,mσ,M) , (B1)
the entropy density
σ =
1
T
{
m2σJ1(T,mσ) + 3m
2
πJ1(T,mπ) +m
2
ηJ1(T,mη)
+ 4m2KJ1(T,mK) +m
2
η′J1(T,mη′) +
4
3
[
J2(T,mσ) + 3J2(T,mπ)
+ J2(T,mη) + 4J2(T,mK) + J2(T,mη′)
]}
, (B2)
the energy density
ǫ = J2(T,mσ) + 3J2(T,mπ) + J2(T,mη) + 4J2(T,mK)
+ J2(T,mη′) +m
2
σJ1(T,mσ) + 3m
2
πJ1(T,mπ) +m
2
ηJ1(T,mη)
+ 4m2KJ1(T,mK) +m
2
η′J1(T,mη′) + U(v,mσ,M) , (B3)
and the heat capacity
cV = 3σ +
{
2J1(T,mσ) +m
2
σJ0(T,mσ)
}{m2σ
T
−mσ dmσ
dT
}
+ 4κγ(T,M)
{M2
T
−MdM
dT
}
. (B4)
In above expressions,
γ(T,M) = 3
2
(mu +md)
(
2J1(T,mπ) +m
2
πJ0(T,mπ)
)
+
1
6
(mu +md (B5)
+ 4ms)
(
2J1(T,mη) +m
2
ηJ0(T,mη)
)
+ (mu +md + 2ms)
(
2J1(T,mK)
+ m2KJ0(T,mK)
)
+
1
3
(mu +md +ms + Λan)
(
2J1(T,mη) +m
2
ηJ0(T,mη)
)
,
the function U(v,mσ,M) is defined by Eq. (3.2), and derivatives dM/dT and dmσ/dT can
be obtained e.g. by differentiation of Eq. (3.16)
mσ
dmσ
dT
=
2g2
T
{
γ(T,M) + g
2
2
δ
(
2J1(T,mσ) +m
2
σJ0(T,mσ)
)}(
α− 1
4
δ
)−1
,
MdM
dT
=
1
4T
{
γ(T,M)
(
1− 4g4
[
J0(T,mσ) + J0(vac)(mσ)
])
+ 2g2
(
2J1(T,mσ)
+ m2σJ0(T,mσ)
)}(
α− 1
4
δ
)−1
, (B6)
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and α, δ can be found in Eqs. (3.12), (3.13), respectively.
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